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Let (X, d) be a locally compact metric space such that 
(Vx E X)(Vr> 0) card{y: d(x, y) = r} = n. 
Then n cannot be odd. In the case n = 2, E’ and S’ x w are the only locally connected examples. 
AMS( MOS) Subj. Class.: 54F65 
1. Introduction 
Definition. A point x in a metric space (X, d) is said to be of metric order n if 
(Vr > 0) card{y: d(x, y) = r} = n. 
A space (X, d) has metric order n if all its points have metric order n. 
In an earlier paper [2] the author was able to show that there exist more than 
continuum-many separable metric spaces (X, d) of metric order one. However, 
under the additional assumption of completeness there is only one such space, the 
irrationals. In the same paper a complete metric on the irrationals is constructed 
that demonstrates metric order one. 
In this paper we show under the assumption of local compactness (or in its stead 
completeness and local connectedness) that no space of finite metric order n can 
be of odd metric order. With the additional assumption that B(x, r) = {y: d(x, y) s r} 
for all x and r > 0, it follows that n = 2 or n = 0. 
Before beginning the proofs of the above stated assertions it is of interest to note 
a theorem, strikingly parallel, which can be found in Kuratowski’s Topology 
[3, p. 2981. It states that if all points of a metric space have the same finite order 
n > 0, then n = 2. Here order at a point x is said to be equal to n if x has arbitrarily 
small neighborhoods whose boundaries contain n points but does not have arbitrarily 
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small neighborhoods whose boundaries contain fewer than n points. This result 
does not imply ours since metric order n only guarantees that the (topological) 
order is less than or equal to n. 
Cl B(x, r) = (2: d(x, z) C r}, 
B(x, r) - {z: d(x, 2) < r}, 
A = closure of A, 
IA = complement of A, 
E’ is the real line, 
S’ is the circle, 
1- 1 means one to one. 
2. The integer n cannot be odd 
We will show that n is not odd in the locally compact case. Locally connected, 
complete metric spaces will be discussed subsequently. In Lemmas 2.2, 2.3, 2.4 X 
is locally compact of finite metric order n. 
Lemma 2.1. No locally compact space (X, d) is of metric order one. 
Proof. Spaces of metric order one have small inductive dimension zero. That can 
be seen as follows. Let E > 0 be given. If d(x, y) =f~, then I/ = B(x, :E) u B(y, fe) 
is a neighborhood of diameter less than E and U is also closed and open. Now 
assuming (X, d) is locally compact and of metric order 1, let z E X and define f by 
f(x) = d(z, x). The function f is a local homeomorphism, which would imply that 
the dimension of [0, a~) is zero. This is, of course, not true. q 
Lemma 2.2. No neighborhood in X is zero dimensional. 
Proof. Let H = Cl B(z, 2r) - B(z, r) for some z in X, r > 0. We can assume that 
Cl B(z, 2r) is compact. Definefbyf(x) = d(x, z), x E H. Then f is an n-to- 1 closed 
map onto [r, 2r]. Since n-to-l closed maps preserve small inductive dimension in 
the class of separable spaces, H cannot be zero dimensional. This proves the 
lemma. Cl 
Lemma 2.3. Every neighborhood in X contains a nondegenerate continuum. 
Proof. By Lemma 2.2 and the presence of local compactness no neighborhood can 
be totally disconnected. 0 
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Lemma 2.4. Let C c X be a nondegenerate continuum in B( z, r). Dejinef byf(x) = 
d(z, x), x E C. Then there is a nondegenerate subcontinuum C’ of C such that f is l-l 
on C’. 
Proof. We first prove the case where f is no more than 2 to 1 on C. Suppose 
f(a) <_CYJ =f(~2) <f(b) for a, Y,, Y,, b E C. 
Choose disjoint nondegenerate subcontinua D,, D, with y, E D,, yz~ D,. If 
f( 0,) nf( D2) contains an interval, there is nothing left to show since this implies 
that f is l-1 on nondegenerate subcontinua of D, and D,. (Recall that f is no more 
than 2 to 1 on C.) 
Suppose then that f( 0,) nf( Dz) = {f(y,)} = {f(yJ}. We can assume without loss 
of generality thatf(D,) = LOYJ,~(Y,)+ rll andf(Dd = Lf(~2) - r2,f(~2)1, where rl 
and r, are greater than zero. 
Since C is connected at least one of the following must hold. 
(1) Y, E NZ,f(Y,)) 
(2) Y2 E “B(Z,f(Y,)) 
If it is assumed that (1) holds, then by Lemma 2.3, we can find non-degenerate 
subcontinua in U(y,) n B(z,f(y,)), where U(y,) is an arbitrary neighborhood of 
y,. Since f is no more than 2 to 1 on C and f( D2) = [f(yJ - rz,f(y2)], by Lemma 
2.3 there is a subcontinuum C’ near y, (that is, in B(z,f(y,))) such that f is l-l on 
C’. If (2) holds a similar argument is used. This completes the argument for n = 2. 
We finish the proof by induction. Assume the assertion is true for n G k. Choose 
an r that illustrates that f is (k-t 1) to 1 on C, f-‘(r) = {p,, . . . , pk+,}. We assume 
there are a, be C such that f(a) < r<f(b). Now choose disjoint subcontinua C,, 
C,, . . . , Ck+,, pi E Ci for each i. Then it is easy to see that at least one of the C, 
contains a subcontinuum such that f is no more than k to 1 on this subcontinuum. 
This completes the induction. q 
Lemma 2.5. Zf (X, d) is locally compact of metric order n, then there exist r,, r2 
(r, > r2) and z in X such that B(z, r,) - B(z, r2) consists of n pairwise disjoint arcs. 
Proof. By the previous lemma there exists a nondegenerate continuum C on which 
f(x) = d (z, x) is l-l. By compactness and the continuity of A C is an arc. Let 
r:‘) = d (z, C) and r (I’, = d (z, p), where p E C, d (z, p) # ry,. Then B( z, ri”) - B( z, ry)) 
contains an arc A, c C. Since n > 1, B(z, r(l’)) -A, is open and nonempty. Making 
use again of Lemmas 2.3 and 2.4 we repeat the process to get A?‘, Ay’, (A(,“c A,), 
both contained in B(z, r(1*)) - B( z, ry)) A?’ n A?’ = 0, f 1 - 1 on A?’ and Ay’. After 
n steps the desired result is attained, with n disjoint arcs {A$“‘}:=,, each contained 
in B(z, r(ln)) - B(z, r$“)). Let r, = ri”’ and r2 = r$“‘. 0 
Theorem A. Zf (X, d) is locally compact and of metric order n, then n cannot be odd. 
Proof. Lemma 2.1 takes care of the case n = 1. So assume n 2 3. By Lemma 2.5 we 
can find an arc A, a point z E A and a neighborhood U(z) such that U(z) meets 
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only A. We apply Lemma 2.5 at the point z in A to get n disjoint arcs {A~},_, such 
that B(z, ri) - B(z, r2) = lJ:=, A,, withf(x) = d(z, x), x E lJ:=, A,, a one-to-one func- 
tion on each Ai. It is understood that B(z, r) c U(z). 
Let g be a homeomorphism from [0, l] onto A. Let e, and e2 be the endpoints 
of A, which we can assume are not in B(z, r,). We can now view f as being defined 
by f(s) = d(z, g(s)), s E [0, 11. Let s* be the maximal number in [0, l] such that 
f(s*) = r,. Since f( 1) > r, and f is continuous, all the values between r, and r, must 
be attained at least once more in (s*, 11. This is impossible, because for odd n these 
values have already been attained n times in [0, s*]. 17 
Here we remark that if locally compact is replaced by complete and locally 
connected the proofs are easier since small neighborhoods must contain arcs, making 
n = 1 impossible, since n = 1 implies dimension zero. All lemmas except Lemma 2.1 
depend only on the existence of a non-degenerate continuum. Arcs certainly satisfy 
this requirement. 
Theorem A’. If (X, d) is locally connected and complete of metric order n, then n 
cannot be odd. 
3. The case n = 2 
Lemma 3.1. If (X, d) is complete, locally connected and of metric order 2, then for 
every point x E X there is an r > 0 such that B(x, r) is homeomorphic to an arc. 
Proof. Let U be an arc-connected neighborhood of an arbitrary point x E X, and 
let B(x, r) be a ball contained in U. There are precisely two points e, and e, such 
that d (x, e,) = d (x, e2) = r. By continuity either e, or e, is connected to x by an arc 
A, contained completely in B(x, r) u ei. Assume e, satisfies this condition. We show 
that there is an arc A,c B(x, r) with endpoints x and e2, A,n A, = {x}. 
B(x, r) -A, cannot be empty since that would imply that the distance function 
is precisely 2 to 1 on A, -{x, e,} which is homeomorphic to an open interval. 
Intervals do not admit 2 to 1 maps. 
Let r*=inf{r:zEB(x,r)-A,,d( x, z) = r}. It is then clear that for each r> r* 
there exists an arc A(r) having the point at the distance r from x and e2 as endpoints. 
Further A(r) n A, = 0 and if r, < r2 A( r,) 2 A(rJ. Let A, = IJ A(r). Note here that 
is it possible for an arc A(r) to contain A,, in which case there would be nothing 
more to do. However, intersections other than containment are not possible since 
that would (as usual) imply that there are three points at the same distance from a 
given point. We claim that r* = 0, which would, of course, imply the desired result. 
Suppose r* # 0. Consider B(x, r*). By nature of the construction of AI and the 
fact that the space is metric order 2, it follows that the distance function is l-l on 
both AZ and (B(x, r) - B(x, r*)) n A,. That then implies that B(x, r*) n A, is an arc. 
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(That is, A, cannot enter B(x, I*) exit and then re-enter, with B(x, r*) n A, consisting 
of more than one piece as a result.) 
Then by the same argument as above B(x, r*) - A, cannot be empty. Choose 
p E B(x, r*) -A,. Then d(x, p) = r’< r*. This is a contradiction. 0 
Theorem B. If (X, D) is complete, locally connected and of metric order 2, then X is 
homeomorphic to E’ or S’ x w. 
Proof. (i) X is connected. By Lemma 3.1, X is a connected l-manifold. It follows 
that X = E’ or X = S’. But X is not compact because it has an unbounded metric. 
So X-E’. 
(ii) X is not connected. For fixed z E X let r* = sup{r: B(z, r) is an arc}. Then 
r* < 00, otherwise X would be connected, and r* > 0 by Lemma 3.1. 
We claim that B(z, r*) is homeomorptic to S’. Clearly B(z, r*) is homeomorphic 
to an open interval. 
(a) If B(z, r*) is an arc, then at each endpoint e,, e2 there exist balls B(e,, r,), 
B( e2, r2) such that B( z, r*) u B( e,, r,) u I3( e2, rz) is an arc properly containing 
B(z, r*). Contradiction. 
(b) If B(z, r*) is a half open or open interval it is easy to see that there would 
existanE>Osuchthatcard{p:d(z,p)= r* + E} > 2. From (a), (b) and the fact that 
B(z, is an arc for each r < r* one gets the desired conclusion. Now every point 
in the space must be contained in a homeomorph of S’. This collection of S’- 
homeomorphs must be discrete, countable and infinite, since the failure to be discrete 
or countable would immediately imply that (X, d) is not of metric order 2, and if 
it were finite X would be compact. This completes the proof of the theorem. 0 
Theorem B’. Let (X, d) be a locally compact, locally homogeneous space of metric 
order 2. Then X is homeomorphic to E’ or S’ x w. 
Proof. One need only observe that Lemma 3.1 is not necessary, since the argument 
in Lemma 2.4 and the local homogeneity guarantee for each x in X the existence 
of an r> 0 such that B(x, r) is an arc. 0 
We give a metric p on S’ x w which satisfies that (S’ x w, p) is of metric order 2. 
(1) Assume S’ has diameter one and let d, be the usual planar metric on S’. 
(2) The metric d2 on w is defined by d,(m, n) = m 0 n, where 0 means write m 
and n in binary form and add without carrying [ 11. For example, 70 10 = 13. One 
can verify without much trouble that d, is a metric on W. 
Let P[(x, m), (Y, n)l= 4(x, y) + 4( m, n). Then p has the desired property. 
4. A further result and some observations 
Definition. A metric space (X, d) is said to be adhesive if for all x E X and all r 2 0, 
Cl B(x, r) = B(x, r). 
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Lemma 4.1. Let (X, d) be a locally compact, adhesive space ofjinite metric order n. 
For any z E X and any r > 0 there exists a t, 0 < t < r, such that B( z, r) - B( z, t) consists 
of n disjoint arcs. 
Proof. As usual define f by f(x) = d(z, x). F or each point pi Ef-‘( r) let U( pt) be 
a neighborhood of pC with compact closure. We can assume that the collection 
{ U( pi)}:_, is pairwise disjoint. 
By adhesiveness f( r/( pi) n B( z, r)) must be dense in some interval [r - .ei, r], 
where ei > 0. Since fl( pi) n B(z, r) is compact, it follows that f( fl( p,) n B(z, r)) 1 
[r-eFi, r]. 
Let E = minis,, Ed Since (X, d) is of metric order n, f cannot be more than l-l on 
I?( pi) nf-‘[ r - e, r]. This, of course, implies that f is a homeomorphism restricted 
to this set. Let t = r - F. 0 
Theorem C. Let (X, d) be a locally compact, adhesive space of finite metric order 
n > 0. Then X is homeomorphic to E1 and n = 2. 
Proof. (i) Assume n 2 3. Lemma 4.1 implies that there is an arc A, a point x E A 
and an r > 0 such that B(x, r) c A. 
Further there is a t > 0 such that B(x, r) - B(x, t) consists of n pairwise disjoint 
arcs A( pi), d(x, pi) = r, i = 1,. . . , ?. 
Let t* = inf{t: B(x, r) - B(x, t) consists of n disjoint arcs}. If t* = 0 a contradiction 
has been reached, since that would imply that A contains a triod. 
If t* > 0, then for at least two distinct arcs A’( pi), A’( pi), A’( pi) n A’( pi) = {z}, 
d(z, x) = t*. Note that compactness is being used here to assure that the extensions 
A’( p,), A’( pi) of the arcs A( p,) and A( pi) have limit points at the distance t*. 
But then this implies again that A contains a triod, because by Lemma 4.1 there 
is an arc A(x) containing x such that A(x) c B(x, t*). 
We conclude n s 2. But n # 1 by Lemma 2.1, so n = 0 or n = 2. 
(ii) The case n = 2. It is easy to see from the preceding line of argumentation (i) 
and Lemma 4.1 that for every point x there is an r > 0 such that B(x, r) is an arc. 
It then follows that there is an r’> r such that B(x, r’) is an arc as well. Let 
r* = sup{ r: B(x, r) is an arc}. Assume r* < 00 and consider B(x, r*). The set B(x, r*) 
cannot be an arc because it would then have an extension to a larger arc, as above, 
contradicting the definition of r *. The possibility that B(x, r*) is homeomorphic to 
a circle, a half open interval or an open interval must be excluded, since that would 
imply Cl B(x, r*) # B(x, r*). We conclude that r* = co and that X is homeomorphic 
to E’. 0 
Remark. The metric p on S’ x w in section 3 is not adhesive. 
Finally, we observe that minor modifications of Theorem B yield characterizations 
of collections of 2k-many circles, k SO. One would employ nim addition to get 
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metrics again but now use an appropriate subgroup. In the case k = 2, the group’s 
addition table is 
0 0 1 2 3 
1 1 0 3 2 
2 2 3 0 1 
3 3 2 1 0 
This is of course the Klein 4-group. Since the collections for each k are compact, 
metric order will only be meaningful for distances less than the diameter of the space. 
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